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Reliability Analysis of Space Exploration
Truss Support Structures

Sankaran Mahadevan¤ and Prakash Raghothamachar†

Vanderbilt University, Nashville, Tennessce 37235

An adaptivereliability estimation technique for three-dimensional trusses used in space exploration applications
is proposed. Both component-level and system-level reliability issues are addressed. For individual member-level
performance criteria, ef� cient analytical methods are implemented for reliability estimation. Multiple potential
failure paths are considered for system-level performance, and a hybrid adaptive sampling technique is proposed
by combining the best features of analytical and sampling methods. A signi� cant failure path is enumerated using
analytical reliability estimation and branch and bound search. An adaptive importance sampling method is used
to identify other signi� cant failure paths. The proposed methodology is illustrated for application to a simpli� ed
solar array support truss, using a commercial � nite element code.

Nomenclature
ai j = load on the i th member due to the j th unit load applied

on the structure where yielding has already occurred
bi j = load on the i th member due to the j th unit load applied

on the structure
d0 = cluster radius
fX .x/ = probability density function of random variables X
f . j/
x .x/ = original density function with the mean shifted to Ox.i/

g.X/ = performance function
h X .x/ = importance sampling density function
nr = number of applied loads
P¤

f = maximum path probability
P f s = joint probability of multiple events
Pi = load variable
p f = probability of failure
R j = tension yield capacity at the j th plastic hinge already

formed
Rr = load capacity at the location being checked
Si = set of all sample points in the failure domain identi� ed

earlier
u = equivalent uncorrelated standard normal variable
X = vector of random variables
Ox.i/ = representativepoint for multimodal sampling density
®ir = r th component of unit sensitivity vector for the i th

performance function
¯ = reliability index
° = failure sequence truncation parameter
± = relative change in failure probability
"c = small number
½i j = correlation coef� cient
8 = standard normal cumulative distribution function
O! j

i = weight of the j th representativepoint

Introduction

T HE use of three-dimensionaltrusses is common in spaceexplo-
ration applications, for example, in space telescope supports,

space station structures, solar array supports, satellite tethers, etc.
For example, the integrated truss structure (ITS) forms the back-
bone of the International Space Station (ISS), formed by 10 prein-
tegrated truss segments. Each segment provides the foundation for
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subsystem hardware installation,utility distribution,power genera-
tion, heat rejection, space experiments platforms, external payload
accommodations,and a mobile transporterfor robotic assemblyand
maintenanceoperations.Laboratories,livingquarters,payloads,and
systems equipment will be directly or indirectly connected to the
ITS.‡

U.S. solar arrays supplying 105 kW of power will be attached to
the ITS. Each solar array consists of two solar cell blankets, one on
either side of a telescopingmast that extends and retracts to form or
fold the solar array wing. Each 108.6-ft-long solar array wing will
be connected to the ISS’s 310-ft-long truss and extend outward at
right angles to it. When fully extended, a pair of wings and their
associatedequipment will span about 240 ft, the largest deployable
space structures ever built.

Similarly, the Russian Science Power Platform will have eight
solar array wings with a span of about 100 ft. The wings will be
attached to the top of one of two segments that will form a tower
26 ft tall. The control module Zarya’s solar array wings will span
72 ft, and the service module’s solar array wings will span 97 ft.

It is clear from the preceding discussion that these large struc-
tures, deployed in extra-terrestrialenvironments, may be subjected
to mechanical, thermal, and dynamic loads and performance con-
ditions that have large variations and uncertainties. Therefore, the
performance reliability and structural integrity of these structures
need to be evaluated using probabilistic structural analysis meth-
ods. The reliabilityevaluationof the structureneeds to be done both
at the level of individualmembers and for the overall system.

Several studies have been reported on the thermal, dynamic, and
progressive failure analysis of large truss structures used in space-
craft applications, and a few of these have included probabilistic
concepts. Malla et al.1;2 investigated the motion and deformation
of large space structures and included thermal effects. Malla and
Nalluri3 studied the effect of member failure under dynamic load-
ing on the overall truss performance. Pai and Chamis4;5 considered
the probabilisticanalysisof a solar array panel support truss for two
objectives:1) evaluationof the scatter in structural response quanti-
ties due to variations in input variables and 2) progressivebuckling
probability estimation of truss members. Malla and Pai6 also per-
formed probabilisticanalysis of a short spacer truss under joint and
member imperfections.

Another applicationof three-dimensionaltrusses in space explo-
ration is for large, tetrahedral high-precision truss platforms with
diameters ranging from 10 to 15 m to support faceted re� ector sur-
faces in several Earth science and deep space astrophysics space-
craft. Mikulas et al.7 studied the strength, stiffness, and dynamic

‡“International Space Station,” The Boeing Company, Canoga Park, CA,
URL: http://www.boeing.com/defense-space/space/spacestation [cited 15
Nov. 1999].
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characteristics of such trusses. The important design performance
criteria of such trusses are related to their natural frequency and
displacement to ensure high-precision observations.8 Once again,
the performanceof such trusses in the space environment is subject
to uncertainty and requires rational probabilistic analysis to ensure
performance reliability.

Reliability of engineering systems may be estimated using two
approaches: testing and computation. This paper pursues the com-
putational approach that combines probabilistic analysis with the
physical computational model of the system.9 11 For truss mem-
bers, the individual performance criteria may relate to tensile and
compressive strength, buckling stability, displacement, natural fre-
quency,etc.Correspondingto eachcriterion,a performancefunction
g.X/ is mathematically formulated such that g < 0 represents un-
satisfactory performance (or failure), g > 0 represents satisfactory
performance or safety, and g D 0 is referred to as the limit state.
Here, X is the vector of random variables relating to the loads and
system properties. Reliability is de� ned as the probability of sat-
isfactory performance, that is, Pfg.X/ > 0g, and may be estimated
usingeither analyticalmethods or simulationmethods. Ef� cient an-
alyticalmethods construct � rst-order and second-orderestimates of
this probability, using optimization and probability transformation
techniques.The simulation methods generate numerous samples of
the random variables, evaluate the structure for each sample, and
compute the failure probability as the number of failure samples
divided by the total number of samples.

System-level reliability analysis addresses two types of issues:
1) multiple performance criteria, or multiple limit states (even for
a single member), and 2) multiple paths or sequencesof individual
component failures leading to overall system failure. In the case
of a single member, failure may be de� ned as the union of several
possible failures, such as strength, stability, etc. The second issue
requires progressivefailure analysis of the structure (i.e., reanalysis
after each individual failure to identify the next likely failure loca-
tion), leading to the enumeration of important failure sequences. In
such analysis, component failures may be modeled as ductile (full
residual capacity after failure), brittle (no residual capacity after
failure), or semibrittle (partial residual capacity after failure).

The algorithms to compute system reliability also fall into two
categories,namely,analyticalmethodsand simulationmethods.An-
alytical methods present elegant approaches to enumerate signi� -
cant failure sequences but lead to approximate bounds and restric-
tive simplifyingassumptionson structuralbehavior.The simulation
methods are simpler to implement, robust in performance, and can
incorporate practical structural behavior, but tend to be computa-
tionally expensive for realistic high-reliability systems. Therefore,
this paper proposes a hybrid approach that combines the best fea-
tures of analytical and simulation methods to estimate ef� ciently
and accurately structural system reliability. The proposed method-
ology is applied to a three-dimensionaltruss supportstructureuseful
for space exploration applications.

Individual Performance Criteria
The failure probability corresponding to an individual perfor-

mance criterion is estimated through the de� nition of a limit state
corresponding to that criterion and by integrating the joint proba-
bility density functionof all of the randomvariablesover the region
of failure, as

p f D
Z

g.X/ · 0

fX .x/ dx (1)

where g.X/ · 0 represents the failure region, and fX .x/ is the
joint probability density function of the random variables X. Two
types of methods, analytical and sampling based, are available for
evaluatingthe multidimensionalintegral in Eq. (1). In the analytical
method, the failure probability is estimated through a � rst-order
approximation to the limit state, as shown in Fig. 1. The original
variables X are all transformed to equivalent uncorrelated standard
normal variables u, and the closest point to the origin on the limit
state is found. This minimum distance point is the most probable
point (MPP) of failure on the limit state. In the � rst-order reliability

Fig. 1 First-order reliability method.

method (FORM), a � rst-order estimate of the failure probability is
obtained as

p f D 8. ¯/ (2)

where ¯ , the reliability index, is the distance from the origin to
MPP and 8 is the cumulative distribution function of a standard
normal variable. Second-order estimates of the failure probability
by making use of the curvature of the limit state at the MPP have
also been derived.12;13

In the Monte Carlo sampling-basedmethod, sample values of the
random variablesare generatedaccordingto their probabilitydistri-
butions, and the performance function is evaluated using structural
analysis.The probabilityof failure is easilycomputedas the number
of failuresdividedby the total numberof samples.Such an approach
is simple to implement but very time consuming for high-reliability
structures because a large number of samples are required to obtain
a few failures.

Multiple Performance Criteria
As mentioned earlier, even a single member has to satisfy mul-

tiple performance criteria such as strength, stability, stiffness, etc.
Therefore, the reliability evaluation of a single truss member � rst
requires the reliability computation corresponding to each individ-
ual criterion.Then, the overallmember failure probabilityis de� ned
as the probabilityof union of individual failures. A general formula
to compute the joint probability of more than two events was pro-
videdby Gollwitzer and Rackwitz,14 where the theoryof asymptotic
approximations is used. For simpler computation, � rst-order15 and
second-order16;17 bounds are also available in the literature.

The alternative, simulation-based method proceeds in the same
manner as mentioned in the preceding section. The joint failure
probabilityis simply the numberof joint failures dividedby the total
number of samples to compute X. To compute the overall member
probability, samples with any failure mode get counted.

Multiple Failure Sequences
For frame and truss structures with a high degree of redundancy,

there can be several possible ways to reach system failure. Each
such path is called a failure sequence. For large structures, there are
a large number of failure sequences, and it is practically impossible
to enumerate each sequence. However, in most of the cases, only a
small fractionof the sequencescontributesigni� cantly to the overall
failure probability of the system.

The branch and bound method, used to search for the signi� cant
sequences, involves two main operations, namely, the branching
operation and the bounding operation (Fig. 2). In the branching
operation, starting from an intact structure, failure is imposed at
the most likely location as indicated by the reliability analysis of
all of the components.The structure is reanalyzedwith the imposed
failure,and thenext failureis imposedat the locationwith thehighest
path probability. This process is repeated until a complete failure
sequence is obtained. The main purpose of the bounding operation
or truncation is to discard the insigni� cant failure sequences by
comparing their path probabilities to the system failure probability
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Fig. 2 Branch and bound method.

P f . The i th failure sequence is ignored if its failure probability
satis� es the following criterion:

Pi < °P f (3)

where ° is parameter, with a chosen value based on the required
degree of accuracy. Because P f is unknown, it is replaced by the
maximum path probability P¤

f among the signi� cant failure se-
quences already identi� ed. The accuracy and ef� ciency of the
procedure depends on how close P¤

f is to the true system failure
probability P f .

This procedurecan be quite cumbersome for large structures that
may have many signi� cant failure sequences and many component
failures within a sequence. Therefore, Xiao and Mahadevan18 de-
veloped a faster branch and bound method, where highly correlated
failures are imposed in groups. Even with this improvement, the
overall system failure probability has to be estimated through ap-
proximate� rst-orderor second-orderboundsbecausethe estimation
involves the union of signi� cant failure sequences, not the union of
easily de� ned limit states with closed-form expressions.

Adaptive Monte Carlo Simulation
Monte Carlo simulation is always a viable alternative for sys-

tem reliability analysis because it provides an easy computational
methodologyand is robust for implementation to practical systems.
However, the basic simulation method is very time consuming, as
mentioned earlier. It requires a very large number of simulations
to estimate the failure probability of practical, high-reliability sys-
tems. To overcome this dif� culty, several ef� cient sampling meth-
ods and variance reduction techniqueshave been developed.One of
the promising techniques among these is the method of importance
sampling,which uses samples from the important region, the failure
domain, in this case.

The system failure domain is de� ned as the union of failure do-
mains de� ned by the signi� cant failure sequences, and the system
failure probability is the integral of the joint probability density
function of the random variables over the system failure domain:

p f D
Z

g1 .x/ · 0 [ g2 .x/ · 0 [ ¢¢¢ [ gn .x/ · 0

fX .x/ dx (4)

where g1.x/; : : : ; gn .x/ can be considered to be the n limit states
corresponding to the n signi� cant failure sequences of the system.
Here, fX .x/ is the joint probability density function of all of the
input random variables (both load and resistance variables) from
which the sample points are generated. For importance sampling,
the preceding equation can be rewritten as

p f D
Z

g1 .x/ · 0 [ g2 .x/ · 0 [ ¢¢¢ [ gn .x/ · 0

fX .x/

h X .x/
h X .x/ dx (5)

where hX .x/ is the new sampling density function that focuses the
sampling in the failure region and helps in faster convergenceto the
true failure probability.

For any importance sampling technique to be effective, one must
have some prior knowledgeof the sampling domain, that is, the sys-
tem failure domain.Severalmethods have been proposedfor the se-
lectionandadaptivere� nementof the samplingdomain,19 21 includ-
ing multimodal22;23 and curvature-based24 methods. These methods

Fig. 3 Adaptive importance sampling.

havebeen appliedmostly to singleandmultiple limit state problems,
but not to problems with multiple failure sequences.

The importancesampling method that is used here is basedon the
technique developed by Karamchandani et al.22 In this method, the
initial sampling density function, is chosen to have the same form
and variance as the original density function,but is centered around
an initial starting point in the failure domain. Once several samples
have been obtained in the failure domain, a multimodal sampling
density function is constructed that emphasizes multiple points in
the failuredomain, each in proportionto the true probabilitydensity
at the point. However, not all of the sample points are emphasized;
only one representative point from a cluster of points is chosen.
The representative points are separated by a distance greater than
the cluster radiusd0 (seeFig. 3). Usually the valueofd0 is taken to be
the averagedistancebetween the mean and the samplingpoints.The
multimodal sampling density to generate the i th sampling point is

hi
QX .Qx/ D

kX

j D 1

O! j
i f . j/

QX
.Qx/ (6)

where O! j
i , the weight attached to the j th representative point, is

computed as

O! j
i D

p f j QX D Ox. j / f QX .Ox. j//
Pk

r D 1
p f j QX D Ox . j / f QX .Ox.r //

(7)

and fX .x/ is the original density function, f . j/
X .x/ the original den-

sity function with the mean shifted to Ox. j/ , and Ox.1/; : : : ; Ox.k/ the
representativepoints.

The representativepointsare identi� ed as follows.Let Si be the set
of all sample points in the failuredomain identi� ed earlier.A cluster
radius d0 is selected. The point with the largest probability density
in S j is selected and is called Ox.1/. In Si , all of the points within a
radiusd0 of Ox.1/ are eliminated.Among the remainingsamples in Si ,
the sample point with the largest probability density is selected and
called Ox.2/ . All of the points within a radius d0 of Ox.2/ are eliminated.
This process is repeated until there are no more points left in Si .
After i sample points, the estimated failure probability is given by

p f D 1
i

iX

j D 1

p f j QX D Qx. j / f QX .x. j //

h j
X .x. j //

(8)

Hybrid Approach for System Reliability Analysis
The preceding method has been studied for problems with sin-

gle and multiple limit states, but not for problems with multiple
failure sequences. Each failure sequence consists of multiple limit
states, and a new strategy for the initiation and re� nement of the
important sampling density for such problems needs to be devel-
oped. This paper solves this problem in a hybrid manner. In the
proposed method, the branch and bound technique is � rst used to
determine one complete failure sequence. For a single limit state
problem, adaptive importance sampling needs a starting point, that
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is, a locationfor the mean of the samplingdensity.The startingpoint
is usually chosen to be the most probable point (generally identi� ed
using FORM). Similarly, in the case of system failure, this paper
uses the � rst failure sequence to de� ne the initial sampling domain.

Once the � rst failure sequence is identi� ed using the branch and
bound method, an initial sampling is done to generate a few samples
(about 10 samples) that have the same system failure sequence as
the � rst failure sequenceidenti� ed by the branchand boundmethod.
(This initial sampling is done quite easily. In each simulation, the
random variables are sampled from their distributions and progres-
sive failure analysis is carried out until system failure. If the failure
sequence is the same as the � rst failure sequence, the sample point
is accepted, otherwise, it is rejected.) From these initial samples,
representativepoints are selected as mentioned earlier, and a multi-
modal sampling density function is constructed as in Eq. (6).

Adaptive importance sampling is done next. Samples are ob-
tained with the multimodal density function, and all samples that
lead to structural failure by any sequence are accepted. After each
sampling, the set of representative points and, therefore, the multi-
modal samplingdensity,aremodi� ed to include thenew systemfail-
ure samples, thus re� ning the failure domain approximation.These
representativepointsareweightedaccordingto theiractualprobabil-
ity density. The weighted multimodal density serves two purposes:
1) More system failure sequences in addition to the � rst one are
accounted for, and 2) the sequences are weighted according to their
probability. Therefore, if the initial failure sequence did not have
high probability, or during the adaptive sampling some of the less
probable sequences got included in the set of representativepoints,
their effects would be minimized due to the smaller weight attached
to such sequences.

Sampling is continueduntil the failureprobabilityconvergesto an
accepted level of accuracy.Two convergencecriteriaare used in this
paper. The � rst criterion measures the stability of the estimate. The
relative change in failure probability estimate with each additional
sample is computed as

± D jp fk p fk 1 j=p fk 1 (9)

If ± · " for 10 successive simulations, where " is a small number,
then the estimate is considered stable. The second criterion mea-
sures the scatter considering all of the samples. If the coef� cient of
variation (COV) of the failure probability after satisfying the � rst
criterion is less than "c (a small number), then the simulation is
stopped and the converged estimate of p f is reported.

The proposedmethods to estimate componentand system failure
probabilityare achieved and have been implemented by the authors
through a combination of C language programming and the com-
mercial structural analysis code ANSYS. The tasks can be divided
into several distinct sections: 1) branch and bound method, to iden-
tify the � rst failure sequence; 2) adaptive importance sampling, to
generate the samples; 3) reliability methods (FORM, SORM, and
simulation based); and 4) structural analysis.

The � rst three sections make use of the fourth section, which
performs the structuralanalysisusingANSYS. Except for the fourth
section, all other sectionsare programmed in C languageand linked
to ANSYS.

The � rst section consists of tasks related to the identi� cation of
the � rst failure sequence, as follows:

1) Perform FORM analysis to compute the component probabil-
ities of failure used in the branch and bound search.

2) Keep track of failures imposed on various structural compo-
nents during the search for the � rst failure sequence.

3) Modify the structure at each stage of the branch and bound
search to represent the imposed component failure.

4) Call the structural analysis program.
5) Process the output of the structuralanalysisprogram, and feed

to the FORM analysis to estimate the failure probabilitiesof various
components.

The second section consists of tasks related to the adaptive sam-
pling, as follows:

1) Compute the cluster radius.
2) Determine the representativepoints.

3) Generate samplesusing the multimodalsamplingdensityfunc-
tion.

4) Call the structural analysis program.
5) Process the results from the structural analysis program.
6) Determine the failure loads.
7) Compute conditional failure probability for the loads.
8) Compute the system failure probability at the end of each

simulation.
9) Check for convergence in the system failure probability esti-

mate, and either stop or continue the adaptive importance sampling
by repeating steps 2–9.

The third section consists of tasks related to structural analysis.
This section has functions that make calls to the structural analysis
software (ANSYS, in this paper). The results of the analysis are
passed to the adaptive sampling and the branch and bound routines
for processing.

The proposedmethod is general enough to include all three types
of structural failure: brittle, ductile, and semiductile. In the case of
ductile failure (e.g., yieldingof the trussmember due to tension), the
member has residual load capacityafter failure. In the case of brittle
failure (e.g., buckling under compressive load), the member does
not have any residual capacity corresponding to that failure mode.
In the case of semiductile (or semibrittle) failure, the member has
a fraction of the original load capacity. Only the reanalysis of the
structure after imposing individual failures is different in each case.
All other computations such as failure sequence search, adaptive
importancesampling,and componentand systemfailureprobability
estimation are the same with regard to all three types of failures.

In the case of ductile failure such as yielding, once the truss
member has yielded due to tension at a particular location, further
analysis is carried out after imposing a plastic hinge with an axial
force equal to the axial load capacity of the member. In the case
of brittle failure such as buckling, once the member has failed, the
member is removed from the structural model. No load is imposed
on the structurebecause the failed member has no residual capacity.
Then the structure is reanalyzed for further failures. In the case of
semiductile failure, an appropriate value of the load equal to the
residual capacity is imposed at the failure location, and the truss
structure is reanalyzed.

Once the � rst failure sequence is identi� ed by the branch and
bound method, the initial sampling density to start the importance
sampling is constructed according to the steps enumerated here:

1) Generate the set of resistance variables Ri . This � xes the load
carrying capacity of the structure.

2) Apply unit loads on the structure corresponding to the applied
loads, perform linear elastic analysis, and compute the stress re-
sultants at each potential failure location, for example, the ends of
the members. One can form limit state equations for each potential
location as follows:

Rr C
nrX

j D 1

ai j R j

n pX

i D 1

bi j Pi D 0 (10)

where, Rr is the load capacity at the location being checked for
failure, R j is tension yield capacity at the j th plastic hinge already
formed, bi j is the load on the i th member due to the j th unit load
applied on the structure, ai j is the load on the i th member due to
the j th unit load appliedon the structurewhere yieldinghas already
occurred, nr is the number of plastic hinges already formed, and n p

is the numberof applied loads.Note that in this equation,the tension
yield capacitiesare treated as deterministicat this stage because the
resistance variable values are being sampled in step 1. The only
random variables in Eq. (10) are the load variables Pi .

Note that the preceding equation is applicable to ductile, brittle,
and semiductile failures. The � rst term refers to the load capacity
in any failure mode. The second term includes residual capacities
only at ductile and semiductile failure locations because there is
no residual capacity after brittle failure. If there were only brittle
failures, the second term would be absent.

3) A FORM analysis is performed for each of the intact locations
to determinethe failure load(s) and the probabilitiesof various types
of failure (yielding, buckling, etc.).
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4) At the locationwith the highestprobabilityof failure, the struc-
tural model is modi� ed dependingon whether the failure is ductile,
brittle, or semibrittle.

5) Steps 1–3 are repeated until a complete failure sequence is
realized, that is, the structural stiffness matrix becomes singular.

6) If the failure sequence identi� ed in steps 1–5 matches the
failure sequence identi� ed earlier by the branch and bound method,
then the sample point is accepted; otherwise it is rejected.

7) After this initial sampling, a set of representative points are
chosen using the cluster radius approach of Fig. 3, to emphasize the
region of the initial sequencein the samplingdomain.A multimodal
density function is constructed using Eq. (6).

Next, adaptive importance sampling is started with this multi-
modal density function. As new samples are generated, the repre-
sentative points and the multimodal sampling density are modi� ed,
and the samplingis continueduntilconvergencein the systemfailure
probability estimate.

Application Problem: Solar Array Panels Mast
Photovoltaicpower is the primary power source for current inner

solar system space station. Photovoltaic power systems or solar ar-
rays utilize solar cells to harness the solar energy and convert it to
electrical energy. The solar arrays are of two types: body mounted
and deployable. Increasing power requirements of spacecraft are
necessitating the use of deployable, lightweight solar arrays. As
mentioned in the introductory section, the supporting truss struc-
tures for the deployable solar arrays are subjected to signi� cant
variations in thermal and torsion loads, causing stability and re-
liability concerns. This numerical example features the reliability
computation of such structures using the proposed method.

A simpli� ed cantileverspacetrussas shownin Fig. 4 is considered
for the sake of illustration. The dimensions and properties of this
cantilever space truss are taken from Pai and Chamis.4;5 Figure 4
also shows the loadingon the cantilever space truss. There are three
loads acting on the space truss. Load L1 is horizontal (at six points),
load L2 is directed vertically upward (at two points), and L3 is a
torque (on two members). The space truss has four supports.

The space truss is modeled in ANSYS using three-dimensional
pipe elements. The space truss is modeled with three-dimensional
pipe elements (PIPE20) to allow torsion loading. The statistics of

Fig. 4 Solar array mast cantilever truss: members and loading.

Table 1 Statistics of the variables for the solar
array panels mast

Coef� cient
Variable Mean of variation Distribution

Young’s 107 lb/in.2 0.075 Normal
modulus

Tube radii 0.5 in. (outer) 0.075 Normal
0.44 in. (inner)

R 7087.4 lb 0.10 Lognormal
L1 600 lb 0.15 Lognormal
L2 600 lb 0.15 Lognormal
L3 1500 lb.in. 0.15 Lognormal

Table 2 Results of the solar array panels mast

Sequences %

1-2-11-12-13-15-16-25-26-28-32 59
8-28-22-17-6-31 29
9-17-41-40-28-45 10
9-17-27-28-21-7-29 2

the random variables are given in Table 1, where R is the load
capacity of the truss members (same in tension and compression).
All members are assumed to have the same cross section.

A computationally ef� cient strategy is followed to minimize the
effort in structural analysis. During the branch and bound search,
linear structuralanalysis is used.This is becausethe initial sampling
domainis only to get an approximatestartingregion.It does nothave
to be very accurate.Therefore, linear analysis is adequate.However,
during adaptive sampling to estimate eventually the failure proba-
bility, nonlinear structural analysis is used for the sake of accuracy.

The � rst failure sequence is determined by using the branch and
bound method. The members are assumed to fail in two modes:
yielding due to tension and buckling due to compression. Equa-
tion (10) is used as the limit state for each member. A � rst-order
reliabilityanalysisusingFORM is performedto determinethe prob-
abilities of failure of the individual members. For the branch and
bound search, Ri is a randomvariable.The limit state with the high-
est probability of failure is identi� ed. If the member fails in tension
yielding (ductile failure), the member is removed for further anal-
ysis and a load equal to the load carrying capacity of the member
is applied along the member. If the member fails in compression
buckling (brittle failure), the member is removed for further analy-
sis. Thus, the � rst signi� cant sequence is identi� ed for the current
example as 1-2-11-12-13-15-16-25-26-28-32.

The initial sampling density is constructed with representative
points among the few initial samples that have the precedingfailure
sequence.Next, during adaptiveimportancesampling,sampleswith
other signi� cant sequences also get included. For each simulation,
the resistance variables are generated from the updated sampling
density, and the failure load of the system is determined.

The ANSYS nonlinear analysis subroutine does not specify the
members that have failed. Hence, additional elastic analyses were
performedto determinethe failuresequencesbasedon thegenerated
resistances and the failure loads. Thus, the number of calls to the
structural analysis routine is actually double the number of simula-
tions of adaptive sampling. However, linear elastic analysis is very
quick; therefore, in terms of computational time, the effort is not
doubled.

The progressive buckling of this truss has been studied earlier
by Pai and Chamis,5 using NESSUS probabilistic structural analy-
sis software. A simpli� ed version of the enumeration method was
used, where only one failure sequence was considered. As men-
tioned earlier, the enumeration technique is tedious and approxi-
mate in the case of large structures with multiple potential failure
sequences.The proposedhybridmethodincludesthe signi� cant fail-
ure sequences through adaptive sampling and provides an accurate
estimate of the overall system reliability.

The signi� cant sequences and their relative contributions are
shown in Table 2. The � rst sequence was used for initial sampling,
and it is seen that as the sampling progresses, other sequences are
also included.For adaptivesampling, two convergencecriteria were
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Fig. 5 Variation of failure probability with number of samples.

Fig. 6 Variation of COV with number of samples.

used: 1) The COV of the failure probability estimate should be
less than 0.05. 2) The relative change in system failure probability
estimate [computed using Eq. (8)] during the last 10 simulations
should be less than 0.01. With these criteria, the proposed adaptive
sampling technique took a total of 423 samples to converge to a
failureprobabilityof 0.0086.Basic Monte Carlo simulation(10,000
samples) for this problem results in a failure probabilityestimate of
0.0083. The results from the adaptive simulation technique closely
agree with the results from basic Monte Carlo simulation.Thus, the
adaptive simulation technique is more economical without sacri� c-
ing accuracy.

Figures 5 and 6 show the convergence characteristics of the
adaptive sampling technique. It is seen from Fig. 5 that the failure
probability p f reaches a stable value after about 250 simulations.
However, the COV of p f continues to have frequent sharp spikes,
although it decreases with the number of samples. This behavior is
typical of importance sampling, where one random sample could
disturb the COV. This is the reason for the � rst requirement that p f

be stable for several iterations.
Note that these results are speci� c to the assumed distributions

of the random variables. Other distributionsmay be appropriate for
different structures and applications.The choice of distributionand
COV of a signi� cant random variable may signi� cantly affect the
results in two ways: 1) The overall system failure probability esti-
mate may change. 2) Different signi� cant failure sequencesmay be
identi� ed. For example,a largerCOV may result in the identi� cation
of more signi� cant failure sequences.

Conclusions
An adaptive reliability analysis methodology is proposed in this

paper for application to structural systems. The proposed method
combines both analytical and simulation-based methods for ef� -
cient component and system reliability estimation. The proposed
technique is demonstrated for application to a three-dimensional
truss used in a solar array support structure. The truss members are
subjected to axial loads and torsion moments and are modeled in
ANSYS using nonlinear three-dimensionalpipe elements. Yielding
and buckling limit states are considered.The proposed technique is
found to have a highly ef� cient convergenceto the system reliability
estimate compared to basic Monte Carlo simulation.

The proposed method may have a signi� cant impact on the appli-
cation of probabilisticmethods to structural system design.Current
design methods that use empirical safety factors to achieve conser-
vatismand reliabilitymay not be optimumfor modern,complexsys-
tems. It is useful to develop quantitativeestimates of reliability and
the sensitivity information on risk factors. However, currently used
methods for safetyand reliabilityevaluationare empirical, based on
experimentaltesting.Such an approachis tooexpensivefor complex
systems, and a model-based simulation approach is desirable. The
proposed method achieves both accuracy and ef� ciency compared
to other system reliability methods. The enumeration method is te-
dious and only provides approximate bounds on the system failure
probability.On the other hand, basic Monte Carlo simulation is too
expensive for practical problems where the probability of failure is
quite low. The proposed adaptive importance sampling technique

achieves the accuracy of basic Monte Carlo simulation with much
fewer samples.

The Monte Carlo method has the advantage of modular imple-
mentation.That is, it doesnot interferewith thebasicsystemanalysis
model, thus facilitating the use of commercial codes. The proposed
adaptive sampling method preserves this advantage,while improv-
ing the speed of convergence. Therefore, this method can be ap-
plied to the reliabilityevaluationof a wide class of structures.Also,
the method accommodates different types of component failures
and consequences,such as brittle, ductile, and semi-ductilefailures.
Such � exibility and accommodation facilitates the implementation
of probabilisticconcepts for structural system reliabilityevaluation.
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